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It is demonstrated that synthesizing an ultrahigh-bandwidth, negatively chirped laser pulse by
incoherently stacking pulses of different wavelengths makes it possible to optimize the process
of electron self-injection in a dense, highly dispersive plasma (n0  1019 cm3). Avoiding
transformation of the driving pulse into a relativistic optical shock maintains a quasi-monoenergetic
electron spectrum through electron dephasing and boosts electron energy far beyond the limits
suggested by existing scaling laws. In addition, evolution of the accelerating bucket in a plasma
channel is shown to produce a background-free, tunable train of femtosecond-duration, 35–100 kA,
time-synchronized quasi-monoenergetic electron bunches. The combination of the negative chirp
and the channel permits acceleration of electrons beyond 1 GeV in a 3 mm plasma with 1.4 J of laser
pulse energy, thus offering the opportunity of high-repetition-rate operation at manageable average
laser power.VC 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4920962]
I. INTRODUCTION
Laser-plasma acceleration1,2 is a key enabling technol-
ogy for a new generation of compact particle and radiation
sources.3,4 Short intense laser pulses5–8 can create under-
dense plasmas under extreme conditions,9 generating multi-
kA, femtosecond-length electron beams in a very small spa-
cial volume.10 Phase-space structure of these beams is
closely tied to the properties of the drive pulse. The feedback
of the collective plasma motion onto the laser pulse leads to
evolution of both the carrier frequency and the pulse enve-
lope,11–18 in turn, leaving its imprint on electron phase
space.19–28 The tight coupling of driver dynamics to the
structure of the beam phase space offers great flexibility in
tuning beam characteristics. Specific examples of this tuna-
bility, associated with the pulse transient dynamics in a
finite-length plasma, have been recently observed in experi-
ments.29–32 Using plasmas as nonlinear optical devices33–37
and tailoring relativistic optical processes responsible for the
pulse evolution24–27 presents an opportunity to realize com-
pact, flexible, high-repetition rate sources of high-quality,
high-energy electron beams while reducing the need for
high-average power lasers.38
The ongoing quest for ever higher electron energies39,40
(a fundamental requirement of advanced radiation sour-
ces3,4,41–45) dictates the use of petawatt-power lasers and
centimeter-scale plasmas.21,46 The requirements of GeV
energy gain, high beam quality, high repetition rate, and
manageable average power are clearly conflicting even for
the most ambitious laser technology.5,7 In addition, the
increased size of the plasma systems presents significant bar-
riers to first-principles modeling.21,23,47 One way to meet
these challenges is to limit the laser pulse energy to 1 J or
less, yielding better control over the acceleration process and
reducing the footprint and cost of facilities. Most impor-
tantly, moderate pulse energy enables high-repetition rate
operation, which is vital for applications such as radiation
medicine48 or studies in nuclear fluorescence using inverse
Compton c-rays,49 where increasing the dose is either essen-
tial or highly desirable. Furthermore, limiting pulse energy
facilitates real-time, coherent control of the laser pulse phase
(which has proved essential for electron beam optimiza-
tion50,51), a daunting task for the single-shot petawatt
facilities.52
Operating laser-plasma accelerators (LPAs) in the blow-
out regime46,53,54 offers the opportunity to maximize the
energy gain with sub-Joule laser pulses and bypass the limits
associated with the accepted scalings,46 while maintaining
excellent beam quality. In this regime, the radiation pressure
of the pulse creates complete electron cavitation in an under-
dense plasma, leaving the background ions unperturbed.54–56
This cavity of electron density (the “bubble”) guides the
pulse over many Rayleigh lengths while maintaining GV/cm
accelerating and focusing gradients.46 The shape of the
bubble evolves slowly, in lock-step with the optical driver,
making it possible to trap initially quiescent background
electrons, eliminating the need for an external photoca-
thode.22 At the same time, this intrinsic time-dependent na-
ture of the bubble raises the prospect of trapping unwanted
electrons, polluting electron spectra with massive, poorly
collimated, low-energy tails.22–24,57–60
Achieving GeV energy with a 1 J (10 TW-scale) laser
pulse dictates acceleration through dephasing in a high
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density plasma (1019 cm3), which brings the benefits of
self-guiding with tens of TW, self-injection, and 10 GeV/cm-
scale accelerating gradients. This dense plasma, however, is
a highly dispersive, nonlinear medium; it effectively destroys
the drive pulse, rapidly transforming it into a relativistic opti-
cal shock.11–13,16,17 This, in turn, results in massive continu-
ous injection (dark current), which beam loading61 is unable
to terminate. As a result, beam quality degrades long before
dephasing.22–24,57–60 The process of optical shock formation
is physically the same as the soliton effect occurring in opti-
cal fibers.62,63 The pulse leading edge, ploughing through the
plasma, constantly witnesses a negative gradient in the re-
fractive index and acquires considerable frequency red-
shift.15,18,64 Whereas the tail, confined within the bubble,
remains unshifted. Negative group velocity dispersion
(GVD) associated with the plasma response slows down the
red-shifted frequency components, building up intensity at
the leading edge, creating a sharp rising edge. Pulse self-
steepening slows down the bubble, reducing the dephasing
length and limiting energy gain,46 while causing elongation
of the bubble and massive continuous injection.22–24
Here, we show that introducing a large frequency blue-
shift at the pulse leading edge (negative chirp), particularly
by incoherently stacking pulses of different wavelengths,
delays optical shock formation through electron dephasing.
Advancing the higher-frequency components in time com-
pensates for the local red-shift, slows pulse self-steepening,
and suppresses continuous injection, preserving a quasi-
monoenergetic electron spectrum through dephasing. At the
same time, slower etching of the leading edge increases the
dephasing length, boosting electron energy far beyond
the predictions of accepted scalings. It must be emphasized
that this technique requires pulse bandwidth approaching the
carrier frequency, x0, and thus cannot be realized with
conventional narrow-bandwidth pulses.65 Modern optical
parametric chirped-pulse amplification (OPCPA) systems
offer sufficient bandwidth66 and the expectation of the kHz-
repetition-rate, Joule-scale pulses67 necessary for the practi-
cal realization of this concept.26 We have found that suffi-
cient GVD control does not impose particularly demanding
conditions on the pulse phase profile. For instance, a broad-
spectrum negatively chirped pulse can be synthesized by
incoherently stacking, with the appropriate time delay, colli-
nearly propagating, narrow-bandwidth (Dx=x  0:1), and
frequency shifted pulses of comparable energy. Photon engi-
neering at this level can be realized using existing laser tech-
nology.6 Frequency shifting by the necessary amount can be
accomplished with a Raman cell, with subsequent amplifica-
tion via standard CPA,68,69 or by frequency-doubling a frac-
tion of the primary pulse.
Shaping electron beams on a femtosecond time scale
cannot be accomplished by conventional means. On the other
hand, polychromatic, modulated, fs-length electron beams,
associated with multiple injections into the first bucket,70–72
or into consecutive buckets of the laser wake,73 have been
frequently observed. By exerting control over the dynamics
responsible for multiple injection, these polychromatic (or
“comb-like”) beams may be deliberately produced,19,20 opti-
mized, and exploited for unique applications.74 Here, we
demonstrate that propagating the stack of pulses in a plasma
channel leads to oscillations of the bubble size and to peri-
odic injection. This controlled modulation of beam current
on the femtosecond time scale results in the generation of
background-free, comb-like beams, ideal drivers for tunable
all-optical Compton c-ray sources.4,74
The paper is organized as follows. Section II describes
the strategy of computational experiments and defines differ-
ent types of chirped pulses (particularly, bi-color stacks). In
Section III, we demonstrate the efficiency of using the stacks
for generation of low-background electron beams with the
energy far beyond the predictions of accepted scalings. In
Section IV, we outline the physics of periodic injection and
demonstrate production of electron energy combs in a
plasma channel. In Section V, we summarize our results and
point out directions of future work.
II. SIMULATION FRAMEWORK
We explore mechanisms of all-optical control using a
total laser energy of 1.4 J, which may be concentrated in a
single linearly polarized Gaussian pulse with a carrier wave-
length k0 ¼ 0:805 lm and full width at half-maximum in in-
tensity sL ¼ 20 fs, or split equally between two linearly
polarized 20 fs pulses, one of which is significantly blue-
shifted and advanced in time, as shown in Fig. 1(b.1).
Reduced and full 3D PIC simulations shed light on the
physical processes essential for electron beam shaping. Fast
quasistatic simulations using the fully relativistic, cylindri-
cally symmetric, optical cycle-averaged code WAKE55,56
were used to optimize the laser pulse phase profile to miti-
gate adverse relativistic optical phenomena. WAKE com-
putes the complex envelope of the laser vector potential
using an extended paraxial solver, preserves GVD in the
presence of large frequency shifts, and accurately calculates
radiation absorption due to wake excitation.15,18 To correctly
capture all physics relevant to pulse propagation and
FIG. 1. Electric field of the pulse on axis (in units of mex0c=jej). The pulse
propagates to the right. Red (gray): the carrier-frequency component, Ex.
Blue (dark gray): frequency up-shifted component, Ey. Black curve depicts
hE2?i ¼ hE2x þ E2yi, where h  i is averaging over an optical cycle. (a) The
Reference pulse in a uniform plasma. (b) The S-A2 stack in a channel. The
Reference pulse propagates from the plasma entrance, z ¼ 0 (a.1), reaching
full compression at z ¼ 1:6 mm (a.2). Conversely, the S-A2 stack propagates
over the same distance [(b.1) z ¼ 0 and (b.2) z ¼ 1:6 mm] showing virtually
no deformation. (CALDER-Circ simulations).
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evolution of the bubble, we use the grid Dn  Dr=3 
k0=13  63 nm and time step x0Dt  1:325, taking 30 mac-
roparticles per radial cell. Here, n ¼ z  ct; r2 ¼ x2 þ y2,
and x0 ¼ 2pc=k0. WAKE includes 3D test particle tracking
in the full (unaveraged) electromagnetic fields.24,75 Test-
particle simulations allow study of the physical process of
self-injection (bubble and driver evolution) in the absence of
effects brought about by the collective fields of trapped elec-
trons, i.e., those due to beam loading.24,61
Fully self-consistent simulations are carried out with the
quasi-cylindrical PIC code CALDER-Circ.76 The numerical
Cherenkov-free electromagnetic solver in CALDER-Circ,77
in combination with third-order macroparticles, fine
grid, Dz  Dr=16  k0=50  16 nm, small time step, x0Dt
¼ 0:1244, and 45 macroparticles per cell, helps to maintain
low sampling noise, negligibly low numerical dispersion,
and avoids numerical emittance dilution.
The plasma begins at z ¼ 0 with a 0.5 mm linear ramp,
followed by a longitudinally flat section with the density
n0 ¼ 6:5  1018 cm3. A bi-color stack of pulses, propagat-
ing towards positive z, is focused at the plasma border. The
electric field in the focal plane is
~E?ðx;y;z¼0;tÞ¼ðmex0c=jejÞer2=r20 ðexE0eix0t2ln2ð1ij2Þt2=s2L
þe1E1eix1ðtTÞ2ln2ðtTÞ
2=s2LÞ: (1)
Here, r0 ¼ 13:6lm; j defines the linear negative chirp of the
primary pulse, xðtÞ ¼ x0  ð4 ln 2Þðj=sLÞ2t; and T is the
time delay of the blue-shifted pulse. CALDER-Circ simula-
tions have shown that, when the stack components are prop-
erly phased to maintain the net energy, the kinetics of
electron beam formation is largely insensitive to their polar-
ization. To track the evolution of individual stack compo-
nents in CALDER-Circ simulations, the stack components
are orthogonally polarized, e1 ¼ ey. (In the WAKE simula-
tions, the stack components have the same polarization,
e1 ¼ ex.) Two variants of a single, 70 TW pulse
(E0 ¼ 3:27; E1 ¼ 0) are considered:
• Reference: Transform-limited pulse, j¼ 0;
• Single linearly chirped pulse (SLCP), j ¼ 1:968.
The Reference pulse parameters are chosen such that
pulse depletion approximately coincides with electron
dephasing,46 a strategy often suggested as a means to maxi-
mize acceleration efficiency (i.e., to maximize the energy
transfer from the laser pulse to the electron beam). As we
will see in Sec. III, this approach leads to copious dark cur-
rent and overall low beam quality. The generation of dark
current is linked to the dynamics associated with consider-
able red-shifting of the pulse in the latter part of the deple-
tion process.22,24 To counter this red-shifting, and hence to
limit dark current, we consider an SLCP with negative chirp
corresponding to a frequency bandwidth equivalent to 5 fs.
A number of scenarios involving the SLCP have been ana-
lyzed previously.24–28 Here, we complement those studies by
exploring the incoherent pulse stacking. We propose to syn-
thesize a negative step-wise chirp by optically mixing
transform-limited (j ¼ 0), independent narrow-bandwidth
blocks of the same energy (0.7 J), taking E0 ¼ E1 ¼ 2:31.
The stack is parameterized with the frequency ratio
x1=x0 > 1 and the time delay T > 0. To examine the degree
of control afforded by this parametrization, we first fix the ratio
x1 ¼ 1:5x0 and vary the delay. We consider three cases:
• Stack A1 (S-A1): T ¼ 0:5sL ¼ 10 fs;
• Stack A2 (S-A2): T ¼ 0:75sL ¼ 15 fs; and
• Stack A3 (S-A3): T ¼ sL ¼ 20 fs.
We then fix the delay at T ¼ 15 fs and vary the frequency ra-
tio, leading to three more cases:
• Stack B1 (S-B1): x1 ¼ 1:25x0;
• Stack B2 (S-B2): S-A2 equivalent; and
• Stack B3 (S-B3): x1 ¼ 2x0.
Finally, we manipulate the injection process by propa-
gating the stacks in a leaky channel
neðrÞ ¼
n0ð1 þ r2=r2chÞ for r  rch;
2n0ð2  r=rchÞ for rch < r  2rch;
0 for r > 2rch:
8><
>:
Section IV presents the results obtained with rch  1:2rm,
where rm ¼ xper20=ð2cÞ  44 lm is the radius of the channel
matched for single-mode guiding. Anticipating the upcoming
discussions, we demonstrate in Fig. 1 that the channel nearly
freezes longitudinal evolution of the stack. As we shall see
later, this results in very quiet injection.
III. MONOENERGETIC ACCELERATION IN UNIFORM
PLASMAS
A. Evolution of the driver
Frequency chirp profoundly alters evolution of the pulse
energy, mean frequency, frequency variance, and duration.
The complex envelope of the laser vector potential aðr; z; nÞ
from WAKE simulations yields the full vector potential,
~a ¼ aeix0f, where f ¼ n=c. Figures 2(b) and 2(c) show the
radially integrated mean frequency and frequency variance16
hxðzÞi ¼ A1
ð1
0
rdr
ð1
0
xj~aðr; z;xÞj2 dx; (2)
hDxðzÞ2i ¼ A1
ð1
0
rdr
ð1
0
ðx hxiÞ2j~aðr; z;xÞj2 dx; (3)
where ~aðr; z;xÞ ¼ Ðþ11 ~aðr; z; fÞeixf df is the Fourier
transform of the laser vector potential and AðzÞ
¼ Ð1
0
r dr
Ð1
0
j~aðr; z;xÞj2 dx. Figure 2(d) shows the mean
pulse length computed from the f-variance of intensity on axis
sLðzÞ ¼ ð8 ln 2B1
ð1
1
ðf hsiÞ2jað0; z; fÞj2 dfÞ1=2: (4)
Here, hsðzÞi ¼ B1 Ð11 f jað0; z; fÞj2 df is the position of the
pulse centroid and BðzÞ ¼ Ð11 jað0; z; fÞj2 df. Figures 3–5
show the link between the local frequency shift and the
longitudinal distortion of the pulse. The frequency shift is
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extracted from the phase of the normalized vector potential,
~að0; z; fÞ ¼ jajeix0fþi/, using two independent methods.15
First, the Wigner transform
W n;xð Þ ¼
ðþ1
1
~a fþ f
0
2
; z
 
~a f f
0
2
; z
 
eixf
0 df0
2p
(5)
yields the distribution of “photon density” in the “photon
phase space” ðf;xÞ. Second, we calculate the instantaneous
frequency using the rate of the envelope phase change,
xðfÞ ¼ x0  d/=dt ¼ x0  @/=@f. Mean frequency, RMS
bandwidth, pulse duration, and photon density are experi-
mentally measurable quantities. These markers of nonlinear
optical processes provide important information, helping to
identify the regimes of pulse propagation and wakefield
excitation.78
Evolution of the drive pulse and the quasistatic bubble,
displayed in Figs. 2–6, exhibits the following generic fea-
tures. The co-moving negative gradient in the nonlinear
index, located at the pulse leading edge, yields large local
frequency red-shift (amounting to a significant fraction of
x0). GVD slows down the red-shifted pulse components,
etching away the pulse leading edge, building up the field
amplitude in the pulse head, compressing the pulse into a
cycle-length optical shock of relativistic intensity, jaj  10
[cf. top insets in Figs. 3(b)–5(b)]. As was explained ear-
lier,22,24 the optical shock acts on the ambient plasma elec-
trons as a snow-plow, compressing electron fluid in the front
of the bubble (as illustrated by the top panel in Fig. 6). This
strong charge separation increases the positive longitudinal
electric field acting on the sheath electrons immediately
behind the driver. Passing the shock, these electrons receive
a strong backward kick and quickly become relativistic. This
delays their return to the axis, elongating the bubble. Mid-IR
radiation making up the optical shock eventually slides
into the bucket, mixing with the unshifted radiation [cf.
Fig. 3(c)]. This “photon phase space rotation” dominates
evolution of the Reference pulse after the point of full pulse
compression (z > 1:6 mm).
Examination of Fig. 2 reveals that the energy and the
mean frequency of the Reference pulse drop by 60% at the
point of electron dephasing with a nearly 10-fold increase in
the mean bandwidth. More importantly, the Reference pulse
fully contracts long before electron dephasing, and then
almost explosively spreads out as newly generated mid-IR
radiation slides into the plasma bucket [as corroborated by
comparison of Figs. 3(b) and 3(c)]. At this stage, etching of
the pulse leading edge effectively reduces the bubble veloc-
ity, while the rapidly increasing beam charge helps maintain
the bubble expansion.24 Electron energy spectra, shown in
Fig. 3(d), indicate that the massive energy tail is produced
FIG. 3. Local frequency shift, spectra, and longitudinal distortion of the
pulse in the Reference case (WAKE simulation). (a) The pulse at the plasma
entrance (z ¼ 0). The pulse propagates to the right. Panels (b) and (c) corre-
spond to the points of pulse full compression (z ¼ 1:6 mm) and electron
dephasing (2.08 mm), respectively. Grayscale is the absolute value of the
Wigner transform (5) in arbitrary units; black curves are lineouts of the in-
stantaneous frequency (in units of x0) extracted from the complex pulse en-
velope. Top inset shows normalized intensity on axis. Right inset shows the
radially integrated spectral power SðxÞ ¼ Ð1
0
x2jaðr; z;xÞj2r dr in arbitrary
units. (d) Electron spectra from CALDER-Circ simulation at z ¼ 1:6 (black)
and 2.08 mm (light gray). The energy tail is faint at the point of full pulse
compression, becoming dominant at dephasing.
FIG. 2. Evolution of the pulse parameters in the Reference (black), SLCP
[blue (dark gray)], and S-A2 cases [red (gray)] (WAKE simulations). The
pulse propagates in a uniform plasma towards positive z. (a) Pulse energy;
(b) mean frequency (2); (c) mean bandwidth (3); and (d) pulse length com-
puted from the f-variance of intensity on axis (4). The frequency is in units
of x0. The curves terminate when electrons reach dephasing. The negative
chirp reduces depletion, frequency red-shift, and spectral broadening. Using
the stacked pulse strongly delays dephasing.
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between the points of full compression of the driver and elec-
tron dephasing (results in Ref. 26 reveal the same effect). In
this interval, the charge in the first two buckets nearly dou-
bles. To maintain electron beam quality, acceleration must
terminate not at dephasing but at the point of full driver com-
pression. For a transform-limited driver, this noticeably
reduces the energy gain (in our case, by roughly 15%).
The negative frequency chirp avoids this unfavorable
scenario, and allows acceleration through dephasing without
sacrificing beam quality, while far exceeding the energies
obtained with a transform-limited pulse. In contrast to the
Reference case, both the linear and the step-wise chirped
pulses deplete by approximately 40%, preserving the pulse
bandwidth through 2/3 of the dephasing length. Temporal
advancement of higher frequencies partly compensates for
the nonlinear red-shift, slowing down the photon phase space
rotation, delaying formation of the optical shock, reducing
expansion of the quasistatic bubble (cf. Fig. 6). As a result,
full driver compression is delayed to the point of electron
dephasing [cf. Fig. 2(d)], preventing the production of back-
ground electrons, leaving the quasi-monoenergetic peak the
dominant spectral feature through dephasing [cf. Figs. 4(c)
and 5(c)]. As shown in Fig. 5(a), the step-wise chirp of the
stacked pulses allows for a much larger blue-shift of the
pulse leading edge than the linear chirp of the SLCP [Fig.
4(a)]. As the photon diffusion rate due to GVD drops as
x31 , the rigid blue-shifted head effectively protects the
unshifted pulse body, as seen in Fig. 1(b.2). The much
slower etching of the stack leading edge has a dual effect.
First, it increases the propagation velocity of the driver and
the bubble11,46 leading to a 70% increase in the dephasing
length and doubling the energy of the quasi-monoenergetic
component [cf. Fig. 5(c)]. Second, it almost completely
avoids the snow-plow effect, greatly reducing elongation of
the bubble, as can be seen by comparing Fig. 6(a) with Fig.
6(c). This reduces the flux in the energy tail by nearly two
orders of magnitude [cf. Fig. 7(d)].
FIG. 5. Same quantities as in Fig. 4 for the S-A2 case. (a) The pulse at the
plasma entrance, z ¼ 0 and (b) at the point of full compression (electron
dephasing), z ¼ 3 mm. (c) Electron energy spectra from CALDER-Circ sim-
ulation at z ¼ 3 mm (black), and at dephasing in the Reference case (light
gray). Piece-wise chirp of the S-A2 stack keeps the quasi-monoenergetic
signal dominant through dephasing, doubling its energy relative to the
Reference case.
FIG. 6. Quasistatic bubble at the point of full driver compression (WAKE
simulation). Electron density is normalized to n0; n ¼ nc corresponds to the
bucket centerplane, where the longitudinal electric field vanishes. (a)
Reference case, z¼ 1.6 mm [cf. Fig. 3(b)], (b) SLCP case, z¼ 2.04 mm [cf.
Fig. 4(b)], and (c) S-A2 case z¼ 3 mm [cf. Fig. 5(b)]. The chirp slows down
pulse compression, thus minimizing expansion of the bubble.
FIG. 4. Same quantities as in Fig. 3 for the SLCP case. (a) The pulse at the
plasma entrance, z ¼ 0 and (b) at the point of full compression (electron
dephasing), z ¼ 2:04 mm. (c) Electron energy spectra from CALDER-Circ
simulation at z ¼ 2:04 mm (black), and at dephasing in the Reference case
(light gray). Initial negative chirp delays compression of the driver through
the dephasing, keeping the quasi-monoenergetic component dominant, while
boosting its energy by 20%.
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B. Kinetics of electron self-injection
Figure 7 shows the link between the self-injection pro-
cess and bubble evolution. The bubble size [shown in (a)] is
defined as the length of the accelerating phase on axis (i.e.,
the length of the region inside the bubble where the longitu-
dinal electric field is negative). The time evolution of charge
in the first two buckets (E> 50 MeV) is shown in (b). The
collection phase space [longitudinal momenta of electrons at
dephasing vs. their initial positions, (c)] and collection vol-
ume [initial positions of electrons with E> 50 MeV at
dephasing, (e)] parameterize the energy gain of electrons
with their initial coordinates.
As the pulse adjusts for self-guiding, its spot size oscil-
lates at least once. As seen in Figs. 7(a)–7(c), it is during this
early stage, 0.6 mm <z < 1.3 mm, that the bubble expands,
injecting electrons, and then stabilizes (or contracts) forming
a quasi-monoenergetic bunch. Figure 7(c) further shows that,
in the S-A2 case, the injection starts later with the bucket
contraction around z ¼ 1:3 mm expelling 1/3 of the earlier
injected charge. As a result (see the statistics in Table I), the
charge in the quasi-monoenergetic bunch drops by a factor 8
compared to the Reference case, as does the bunch duration
(below 1 fs), preserving the current (85 kA).
Self-compression of the Reference pulse sets in well
before dephasing. The bubble starts expanding almost at
once, elongating by nearly 80% between the points of
stabilization (z ¼ 1:3 mm) and dephasing (2.08 mm), trap-
ping nearly 1.5 nC of low-energy background. As the pulse
contracts, the injection rate goes up; the charge in the energy
tail triples between the point of full driver compression
(z> 1.6 mm) and dephasing. Beam loading saturates injec-
tion near dephasing, eventually destroying the bubble.
The stacked driver completely avoids this adverse
dynamics. The S-A2 stack remains uncompressed through
dephasing (z¼ 3 mm). The resulting 7-fold reduction in the
bubble expansion rate reduces the flux in the energy tail by
nearly two orders of magnitude [cf. Fig. 7(d)], leaving the
quasi-monoenergetic component dominant.
The collection volume presented in Fig. 7(d) indicates
that only electrons with initial radial positions such that they
enter the bubble sheath are accelerated. There is no sign of
transient injection from the near-axis region.79 The injection
candidates fill a thin cylindrical shell with a radius slightly
smaller than the bubble radius, thus, giving an accurate esti-
mate of the pulse spot size evolution in the cross-section at
the highest intensity.25,27 One can see from Fig. 7(d) that
stacking stabilizes transverse dynamics of the pulse: The col-
lection radius, in contrast to the Reference case, remains
nearly constant.
C. Robustness of acceleration with stacked pulses
Energy spectra shown in Fig. 8 reveal the considerable
robustness of the stack-driven LPA. This is quantified by the
beam statistics shown in Tables I and II. Electron phase
space is characterized by RMS normalized transverse emit-
tance, eN? ¼ 21=2½ðeNx Þ2 þ ðeNy Þ2	1=2, where eNi ¼ ðmecÞ1
½ðhp2i i  hpii2Þðhr2i i  hrii2Þ  ðhpirii  hriihpiiÞ2	1=2 and
RMS divergence ra ¼ 21=2½r2xðaÞ þ r2yðaÞ	1=2, where riðaÞ
¼ hpzi1ðhp2i i  hpii2Þ1=2. We also show the average flux
hFi ¼ Q=rE, where rE is the energy variance, and average
brightness, proportional to the particle density in the phase
space, hBi  hFiðmec2Þ2hEi2ðeN?Þ2. Statistics of electron
energy tails, shown in Table II, are calculated in the energy
FIG. 7. Correlation between bubble evolution and electron self-injection in
a uniform plasma (CALDER-Circ simulations). Black: the Reference case;
gray: S-A2 case. (a) Length of the accelerating phase on axis (in microns)
vs. propagation length. (b) Charge injected and accelerated in the first two
buckets. (c) Longitudinal collection phase space of electrons from the first
two buckets. (d) Energy spectra [identical to Fig. 5(c)]. (e) Collection vol-
ume. Initial radial positions of injected electrons are shown in microns. Data
in plots (c)–(e) are taken at electron dephasing, z¼ 2.08 mm in the
Reference and 3 mm in the S-A2 case. The piece-wise negative chirp of the
driver suppresses expansion of the bubble, reducing the flux in the energy
tail by nearly two orders of magnitude, while doubling the energy of the
quasi-monoenergetic component.
TABLE I. Statistics of quasi-monoenergetic bunches accelerated through
dephasing in the uniform plasma [Figs. 4(c), 8(a.1), 8(a.2), 8(b.1), and
8(b.3)]. z is the acceleration distance; Q is the charge; hEi is the mean
energy; rE is the dispersion of energy; ra is the RMS divergence; eN? is the
RMS normalized transverse emittance; hFi is the average flux; hBi is the
average brightness (in 1014 particles MeV1 mm2 mrad2); sb is the RMS
bunch duration; and hIi is the average current. The data of the optimal accel-
eration regime (S-A2) are highlighted in boldface.
Units Ref. SLCP S-A1 S-A2 S-B1 S-B3
z mm 2.08 2.04 2.76 3.0 3.0 2.96
Q pC 575 382 153 73 126 124
hEi MeV 423 516 715 885 787 774
rE MeV 28 30 41 32 44 27
ra mrad 3.0 2.5 1.8 1.4 1.3 1.8
eN? mm mrad 0.73 0.71 0.53 0.4 0.37 0.68
hFi pC MeV1 21 13 3.8 2.3 2.9 4.6
hBi 1.7 1.6 1.6 2.7 3.1 1.4
sb fs 6.7 4.5 2.0 0.85 1.5 0.9
hIi kA 86 85 77 86 84 138
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interval 50 MeV <E < Ecut, where Ecut ¼ 350 MeV for both
the Reference and SLCP, and 650 MeV for the stacks.
From Fig. 8, we see that any of the stacks (except the
inefficient S-A3) can accelerate electrons to the same energy
as in the Reference case (420 MeV), while accumulating
virtually no background [e.g., see Fig. 8(b.2)]. Further propa-
gation through dephasing (yielding between 715 and
885 MeV, depending on the regime), maintains an order-of-
magnitude lower background and the beam brightness up to
50% higher than in the Reference case. Interestingly, with
the time delay fixed at 0:75sL (S-B stacks), the outcome
of the acceleration process shows little sensitivity to the
frequency ratio, which may be as large as 2. Existing energy-
efficient methods of second-harmonic generation may be
thus instrumental for producing Joule-scale stacks.
Acceleration with the S-A stacks also affords variation of pa-
rameters over a broad range. Even though increasing the
time delay beyond 0:75sL makes injection inefficient [Fig.
8(a.3)], reducing the blue-shifted pulse energy by 55% (to
0.31 J) helps regain the S-A3 signal (with E  700 MeV);
the details are to be presented elsewhere.
The hallmarks of the optimal case (S-A2) are the energy
doubling of the quasi-monoenergetic component (to
885 MeV), 50% increase in brightness, almost 50% reduction
in emittance, and 16-fold reduction in average flux in the tail
against the Reference case. This comes at a price of an 8-
fold reduction in charge (the quasi-monoenergetic bunch
absorbs only 4.6% of laser energy compared to 17.5% in the
Reference case). Part of the energy boost may be thus attrib-
uted to weaker beam loading. Test particle simulations
reveal that the beam loading reduces electron energy by 25%
in the Reference case, and merely by a few percent in the
S-A2 case. Hence, over 70% of the observed energy boost is
explained by the changes in quasistatic bubble dynamics
brought forth by photon engineering.
In summary, our study of this regime of a stack-driven
LPA (and higher plasma density cases to be presented else-
where) suggests the following guidelines to the practical
implementation. (i) Choose the Reference regime following
the recipes of the scaling laws,46 making sure that the
dephasing length is matched to the pulse depletion length
and pulse power exceeds the critical power for relativistic
self-focusing by at least an order of magnitude (so that the
stack components self-guide and maintain blowout); (ii) split
the laser energy in proportion 1:1; blue-shift one component
by 25%–50% and advance it in time by sL=2 to sL. This gives
the parameter window to maximize the energy gain while
maintaining beam quality. Manipulations of the target such
as density tapering26 or propagating the stacks in the channel
(see below) promise a further boost in electron energy.
Operating outside this window due to technological limita-
tions (e.g., using 10% frequency shift accessible to the
existing Raman shifters;68,69 or using second harmonic for
the blue component; or reducing the blue component energy)
may still yield high-quality, low-background beams with
energy far exceeding that obtained in the matched
dephasing-depletion scenario.
IV. ELECTRON ENERGY COMBS FROM A PLASMA
CHANNEL
Propagating the stacked pulse in a channel introduces
new options for shaping electron beam phase space. Figure 9
shows the generation of a comb of quasi-monoenergetic
components with GeV-scale energy. This occurs because the
channel upsets the balance between the radiation pressure of
the pulse tail confined inside the bubble and the radial restor-
ing force due to charge separation.27,28 The resulting oscilla-
tions of the bubble size do not decay through at least three
and half periods [Fig. 9(a)], yielding four localized electron
injection events [Figs. 9(b) and 9(d)], making the energy
comb displayed in Fig. 9(c). Importantly, bubble size oscilla-
tions (“the accordion effect”) readily lend themselves to ex-
perimental observation using frequency-domain streak
cameras.80 By suppressing diffraction of the pulse leading
edge, the channel further suppresses pulse self-steepening,
extending the dephasing length by 70%, and tripling the
energy of the leading bunch compared to the uniform-plasma
Reference case. Statistics of quasi-monoenergetic bunches at
dephasing are presented in Table III. In summary, accelera-
tion through dephasing in a channel with the S-A2 stack
yields an almost background-free, four-component electron
FIG. 8. Robust quasi-monoenergetic stack-driven LPA (CALDER-Circ sim-
ulations). The thin gray curve in all panels is the energy spectrum at dephas-
ing in the Reference case. Electrons are accelerated to match the energy at
dephasing in the Reference case (black) and through dephasing [red (gray)].
The spectra are presented for all stacks listed in Sec. II: (a.1) S-A1, (a.2) S-
A2, (a.3) S-A3, (b.1) S-B1, (b.2) S-B2 (S-A2 equivalent), and (b.3) S-B3.
Large time delay between the S-A3 stack components results in a loss of a
signal [hence decimal logarithmic scale in (a.3)]. Data in (a.2) and (b.2) are
identical; to display fine details of the spectra, the signals in panel (b.2) are
multiplied by a factor 5. Using the S-A2 stack doubles the energy of the
quasi-monoenergetic signal at dephasing against the Reference case, while
minimizing the tail.
TABLE II. Statistics of electron energy tails at dephasing in the uniform
plasma [Figs. 4(c), 8(a.1), 8(a.2), 8(b.1), and 8(b.3)]. The data of the optimal
acceleration regime (S-A2) are highlighted in boldface.
Units Ref. SLCP S-A1 S-A2 S-B1 S-B3
z mm 2.08 2.04 2.76 3.0 3.0 2.96
Q pC 1470 901 341 254 339 341
hEi MeV 210 195 287 295 359 221
rE MeV 66 94 142 179 150 135
ra mrad 9.1 7.8 5.1 5.7 4.2 5.2
hFi pC MeV1 23 9.6 2.4 1.4 2.3 2.5
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beam with approximately 1.2 GeV peak energy, fs-scale du-
ration and 35–100 kA individual bunch current, and bright-
ness of the highest-energy component a factor 2.5 higher
than in the Reference case. The stack-driven LPA with a
channel is energy-efficient: 10% of the stack energy is trans-
ferred to the four-component electron beam.
Figure 10 shows that the multi-component beam propa-
gates through dephasing accumulating no tail; the result of
photon engineering combined with the correct choice of the
target. Changing the channel length controls the number of
the components and their energy, while preserving quality
(notably, propagating the Reference pulse in a channel
leaves the massive tail almost intact, compared to the uni-
form plasma case). In this manner, sequences of synchron-
ized, low emittance bunches with controllable energy
difference can be self-consistently produced. Possible appli-
cations of such bunch trains include compact, tunable, and
polychromatic Compton c-ray sources.74 Alternatively, by
separating the comb components in a magnetic electron
spectrometer and using beam delay lines, one can use them
as drivers of tunable, synchronized, broad-bandwidth undu-
lator radiation sources.41,42,81
V. SUMMARYAND OUTLOOK
Photon engineering is the vital element of the LPA
design, offering new avenues to coherently control electron
beam phase space on the femtosecond scale. Such control is
vital for applications dependent on high beam quality and
high repetition rate. Reducing the average laser power (and
peak pulse power) is the key to effectively exercise such con-
trol.51 Maintaining GeV-scale energy and low emittance at a
10 TW-scale laser pulse power require raising the accelera-
tion gradient to a 10 GV/cm level. Acceleration in the blow-
out regime, in dense, highly dispersive plasmas (n0  1019
cm3) naturally affords this gradient, with added benefits of
pulse self-guiding and electron self-injection. High-density
plasmas, however, rapidly compress the drive pulse, limiting
the electron dephasing length (and hence the energy gain),
polluting the beam phase space with a poorly collimated,
broad-band population of electrons due to continuous injec-
tion. Our results show that these effects can be avoided by
using a drive pulse with an ultrahigh bandwidth (of the order
of carrier wavelength). Introducing a negative frequency
chirp helps compensate the nonlinear frequency red-shift
imparted by the plasma response, thus mitigating pulse self-
compression. Finding technologically feasible methods of
increasing pulse bandwidth is thus critically important for the
design of future compact, high-repetition-rate, GeV LPAs.
We show here that a step-wise negative chirp, sufficient
for the GVD control in dense plasmas, can be synthesized
by incoherently stacking collinearly propagating,
narrow-bandwidth pulses (Dx=x  0:1) of different
TABLE III. Statistics of the quasi-monoenergetic bunches at dephasing in a
channel [Fig. 9(c)].
Units Ref. S-A2 (1) S-A2 (2) S-A2 (3) S-A2 (4)
z mm 2.16 3.24 3.24 3.24 3.24
Q pC 548 28 38 34 67
hEi MeV 485 438 595 848 1170
rE MeV 29 27 18 42 36
ra mrad 3.3 2.1 1.4 1.2 1.0
eN? mm mrad 0.91 0.27 0.57 0.27 0.38
hFi pC MeV1 19 1.0 2.1 0.81 1.9
hBi 1.6 0.65 0.55 1.9 4.3
sb fs 6.0 0.66 1.1 0.73 0.7
hIi kA 91 42 35 47 97
FIG. 10. Propagation through dephasing in a channel: S-A2 vs. Reference
(CALDER-Circ simulations). The thin gray curve in all panels is the elec-
tron energy spectrum at dephasing in the Reference case, z ¼ 2:16 mm.
Propagating the Reference pulse in a channel does not prevent accumulation
of the tail. Energy spectra in the S-A2 case are shown at (a) z ¼ 1:56, (b)
2.28, and (c) 2.96 mm. To display fine details of the spectrum, the signal in
panel (c) is multiplied by a factor 8.
FIG. 9. Accordion effect in a plasma channel (S-A2 case). Same quantities
are shown as in Fig. 7. Collection volume, phase space, and energy spectrum
of electrons are shown at z¼ 3.24 mm, which is close to the dephasing limit.
Channel destabilizes transverse evolution of the drive pulse tail27 causing
oscillations in the bubble size. This, in turn, leads to four consecutive injec-
tions [cf. panels (b) and (d)] and formation of the energy comb [panel (c)].
This dynamics is strikingly different from the steady expansion of the bubble
in the uniform plasma [gray curve in panel (a)]. Combination of the step-
wise chirp and channel almost freezes expansion of the bubble at the late
stage of propagation (z> 2.5 mm), almost eliminating the dark current.
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wavelengths and comparable energy. This approach proves
to be highly effective in increasing electron energy far
beyond the limits of accepted scalings without compromis-
ing beam quality. In addition, acceleration with a stacked
pulse in a channel shapes the electron beam on a femtosec-
ond timescale, controllably producing synchronized sequen-
ces of 100-kA, fs-duration, quasi-monoenergetic bunches.
Optimizing operation of the stack-driven LPA to produce
“designer” GeV electron beams—drivers of polychromatic,
tunable inverse Compton c-ray sources74—is the subject of
out future work.
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